7.1 - Definition of the Laplace Transform

Definition: A transform transforms one function to another function.

Examples of transforms
The derivative and the integral:

d 1 d
—(tan ! x) = g and —(x*) = 3x? are transforms.

dx dx

1
/ — dx = In|x| + C is a transform.
b%

Transforms possess the linearity properties, e.g.,

af () + g = ay ([ + by [0

Definition 7.1.1: Let f(t) be a function defined for ¢+ > 0. Then the integral
Z{f(t)} = /o e *' f(t) dt is said to be the Laplace transform of f, provided

that the integral converges.

The Laplace transform possesses the linearity properties.

Example 1: Evaluate .Z {1}.




Example 2: Evaluate .Z {t}.

Example: Evaluate .Z {4t — 7}

Example: Evaluate . {sin kt}




Theorem 7.1.1: Transforms of Some Basic Functions

@ L {1 =
(b) L {t"} = S':il, n=1,23, .. (c) L {e"} = Sfla
(d) £ {sinkt} = 2 f oz (e) £ {cos kt} = 7 j 12
() 2 {sinh kt} = 5— (g) Z'icosh ki} = - 12

Definition: A function f is said to be of exponential order if there exist con-

stants ¢, M > 0, and T > 0 such that | f(¢)| < Me forall t > T.

Theorem: Sufficient Conditions for Existence

If f is piecewise continuous on [0, o0) and of exponential order, then .Z { f(t)}
exists for s > c.




Theorem: Behavior of F(s) as s — o

If f is piecewise continuous on [0, c0) and of exponential order and

F(s) = Z{f(t)}, then h_>n30 F(s)=0.



Example: Use Definition 7.1.1 to find .Z { f(¢)}.

f(t):{2t+1, 0<t<1

0, t>1




Example: Use Definition 7.1.1 to find .Z { f(¢)}.
f()=e

Example: Use Theorem 7.1.1 to find .Z { f(1)}.

f)=t*—e"+5 f(t) = cos® t




